Abstract-Some new extensions and refinements of Hermite-Hadamard and Fej´er type inequalities for functions which are N -quasiconvex are derived and discussed.
INTRODUCTION
The Hermite-Hadamard inequality says that for any convex function f : I → R, I an interval and, for a, b ∈ I, one has 1) and the Fej´er inequality reads
when f is convex and p : [a, b] → R is nonnegative, integrable, and symmetric with respect to the midpoint x = (a + b)/2. There have been a lot of developments and applications of these inequalities. One such development is to replace the notion of classical convexity by other variants and generalizations of convexity. An early well cited such paper is by Dragomir et. al. [1] , also see [2] and [3] . We also mention the paper [4] and especially the book [5] by Niculescu and Persson, where several generalizations, variants and applications are described and placed into a more general convexity context.
In this paper, some new extensions and refinements of Hermite-Hadamard and Fej´er type inequalities for functions which are N -quasiconvex are provided. We also deal with monotonicity related to Fej´er and Hermite-Hadamard type inequalities for 1-quasiconvex functions.
Definition. Let γ be a real number. A real-valued function f defined on an interval [0, b), 0 < b ≤ ∞, is said to be γ-quasiconvex if it can be represented as the product of a convex function and the power function x γ .
In Sec. 2 we extensively use the following results from [6] . 
from which we obtain the following assertion (also see [7] and Lemma C in [6] ) for 1-quasiconvex function ψ 1 and for integrable nonnegative f satisfying´b a f (x) dx > 0.
Theorem A. Let f be a nonnegative function, and let ϕ be a differentiable convex function on
Let f and ϕ • f be μ-integrable functions on the probability measure space (Ω, μ) and
holds. If ϕ is also increasing, then (1.4) s a refinement of Jensen's inequality.
This paper is organized as follows. The main result (Theorem 1) is stated and proved in Sec. 2. In Sec. 3, we present, derive and discuss some consequences of the main result, by, in particular, giving new variants and generalizations of (1.1) and (1.2); see especially Theorem 2.
A GENERAL VERSION OF HERMITE-HADAMARD INEQUALITY FOR N -QUASICONVEX FUNCTIONS
Our main result in this section reads:
nonnegative, integrable, and symmetric with respect to
, adding up, and using the relation 6) where
Adding (2.5) and (2.6), multiplying it by p(x), and taking into consideration that
Next, we make a change of variables x → a + b − x and integrate over the interval [a, (a + b)/2]. After some calculations, we obtain
Now, by using (2.8) and (2.9), and by integrating (2.7) from a to (a + b)/2, we find
This inequality and elementary calculations imply (2.2).
Now we prove the lower bound for´b a ψ N (x)p(x) dx, expressed in (2.1). To find this bound, we first
Next, we replace x with a + b − x and find
Adding (2.10) and (2.11), we obtain
Finally, multiplying (2.12) by the nonnegative and symmetric function p(x) and integrating, we see thatˆb
This inequality obviously implies (2.1) and the proof is complete.
3. SOME CONSEQUENCES OF THEOREM 1 In this section, we present and derive a number of new variants and refinements of (1.1) and (1.2). First we point out some more or less obvious consequences of Theorem 1 for N = 1. Note that for p(x) = 1, (3.1) reads: Example 1. Let ϕ and ψ 1 be defined as in Corollary 1. Then
is a differentiable and convex function and
Remark 1. When ϕ is a convex and increasing function and, therefore, ψ 1 is also convex, we have For N = 1, when both ϕ and ϕ are convex functions, we can also present the following.
Example 2.
Let ϕ : [a, b] → R, a ≥ 0, be differentiable, convex, and increasing, and let ψ 1 (x) = xϕ(x). Let ϕ be also convex. Then
In
By using the estimate (3.4) and the right-hand side of inequality (3.2), we obtain the right-hand side inequality in (3.3) . The left-hand inequality in (3.3) is the same as that in (3.2).
Remark 2.
If ϕ is convex and ϕ is concave, we obtain, in the same way as in Example 2, the inequalities
Next, we observe that under the condition that p(x) is integrable, nonnegative, and symmetric on [a, b], the same is true for (b − x)(x − a)p(x), which leads to the following example. 
We now state the following less obvious refinement of the Hermite-Hadamard inequality (1.1). 
Corollary 2. Let
Moreover,
we can rewrite the right-hand side inequality in (3.2) as
and, from this inequality, by rearranging its terms, we obtain
Moreover, from the convexity of ϕ, by using the Hermite-Hadamard inequality (1.1) and the fact that ψ 1 (x) = xϕ(x), we see that
By combining (3.8) and (3.9) and using the left-hand side inequality of (3.2), we get (3.5). Next, we again use (3.7) to conclude that
Finally, we use (3.5) and make a simple calculation to obtain (3.6); the proof is complete. (3.10) which are refinements of the Hermite-Hadamard inequality (1.1), when ϕ is a differentiable, nonnegative, nondecreasing, and convex function.
Next, we present the main result of this section, namely, a nondecreasing sequence of upper bounds of (1/(b − a) )´b a ψ 1 (x) dx by using the upper bounds of (1/(b − a) )´b a ψ N (x) dx from Example 5. N = 1, 2, 3, . . . ,. Then
is a nonincreasing sequence of N . Especially, this yields that
Example 6. For N = 1 (see Corollary 2) and for N = 2, we have
Proof of Theorem 2. By using (2.2) with p(x) = 1 and integrating by parts, we find that
After some elementary computations, we obtain
We can rewrite (3.15) as
which is the same as
Next, we add the terms that include´b a ψ N −j (x) dx, j = 1, . . . , N, in (3.16)) and see that for j = 1, . . . , N − 2, the coefficients of´b a ψ N −j (x) dx sum up to zero because
Now we add the coefficients of´b a ψ N (x) dx and´b a ψ N +1 (x) dx obtained from T 1 and T 2 . The coefficient
Also, from T 1 we see that the coefficient of´b a ψ N +1 (x) dx is zero.
Now note that the contribution of T N −1 and T N to´b a ψ N −j (x) dx for j = N − 1 and j = N is the contribution to the coefficient of´b a ψ 1 (x) dx, which is equal to
and the coefficients ofˆb
appears only in T N and is equal to
Therefore we get that
By combining (3.14) with (3.17), and making a simple computation, we obtain (3.11).
To prove (3.12), we use the convexity of ϕ and make some elementary calculations to derive that
The last inequality in (3.18) is just (1.1). Therefore from (3.18) it follows that the sequence
is nonincreasing. The second inequality in (3.12) is just (3.11). The third inequality in (3.12) follows from the fact that {H N } ∞ 1 is nonincreasing. For the fourth inequality (see Corollary 2), we again use the monotonicity of {H N } ∞ 1 . From the fact that this sequence is bounded below and by letting N → ∞, we conclude that the first inequality in (3.12) also holds. The proof is complete.
Finally, we state the following monotonicity and comparison result. Proof. By using (3.10) for φ 0,J (x)x N −J , which like ϕ is also a differentiable, convex, and increasing function, we see that the lower bound is
19)
The last equality in (3.19) holds because
Therefore, since it is clear that
is decreasing with J, 0 ≤ J ≤ N , our claim about the monotonicity of the lower bound for
is proved. Similarly, it can be proved that the upper bound for
is increasing with J. The proof is complete.
